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Abstract:

In this paper we study S-idempotents of the group ring =.& where G is a finite cyclic group of
order #. We give a condition on 1 such that every nonzero idempotent element of the group ring
Z,G is Smarandache idempotent and we find Smarandache idempotents of the group ring G
where & is an algebraically closed field of characteristic 0 and G is a finite cyclic group.
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Introduction;
Smarandache idempotent element in rings cyclic group, we show that every non
introduced by Vasantha Kandasamy [1]. trivial idempotent is S-idempotent.

A Smarandache  idempotent  (S-

. . ) 1. S-idempotents of Z.G
idempotent) of the ring & is an element P -

= v R suchthat In this section we study S-
1) x*=x idempotents in the group ring ZI.G
2) There exists @ € R\ {0, 1, x} where G is a finite cyclic group of order =,
)a* =x and specially where n=2p, p is a Mersenne
i)ra=a far=glor ar=2x prime (i.e. @ = 2% —1 for some prime k).
Cra = ). Theorem 1.1. _
She introduced many Smarandache '€ group  ring =6 where

concepts [2]. Vasantha Kandasamy and G=‘@l2™ = 1} is a cyclic group of an
Moon K. Chetry discuss S-idempotents jn ~ 0dd order m =1, has at least two non
some type of group rings [3],. A prime trivial idempotent elements, moreover no
number p of the form @ = 2" =1 where L _

k is a prime number called Mersenne NON trivial idempotent element is S-
prime [4]. In section one of this paper |dempot.ent. _

we study S-idempotents of the group ~ Proof: Consider the element

ring I.G where G isafinite cyclic o —g+girgi+ . +g7 +g 7 ‘4.
group of order n. If n = 2p, pisa

Mersenne prime, we show that every + g™ of I.%.  Since the coefficient
nonzero idempotent e_Iement is S- ofeach g, i=
idempotent and we find the number of f = g* 4o+  +
S-idempotent element. In section two we  4o1 4 4 gmes
study S-idempotents of the group ring — Hence o= q, thatis « is an idempotent
3G where X is an algebraically closed  glgment, so (1 + a) is also an
field of characteristic 0 and G is a finite

—

, e,moisin I,
T—x +g

IZII:':! [N
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idempotent element. It remains to show
that no idempotent element of Z.& s
an S-idempotent. Suppose

L=

¢=atagtag+. .+ ans g
a non

tan g™ S-
idempotent. Thus
a is different from O and 1, moreover
there exists £ in Z.6\{0,1, &} such that
let

is trivial

-3

B = a, p'E+Jg+.}§ + ...
+ 2 Th=g ’_S“I-—-'{'
+ bg™r
where & £ZI.. But a*=a. which
means that

at@g tagtt.tens g™
t oteta, g =¢r- 5, s‘ bog'+
.t E“*.:-f_ L& i L+ oa gt e
It follows that a.= E;; for each (1=

i =m). Therefore @« = £, which is an

obvious contradiction.
The group ring Z.G, where & s
acyclic group of an odd order may
contains more than two idempotent

elements as it is shown by the following
example.

Example 1.1.

Consider the group ring Z.& where

G={g|lg" =1} is a cyclic group of order
7.
By Theorem 1.1,
gtg*+g'+g'~g" +g" and
+tgrgi gttt + g are
idempotent elements, In
addition
(g+g" =g*)= g°=g*'"+ g and
[_‘l"" E_ﬁg:ﬁg-}‘]?.: l _,._g: _ﬁg-i_,._ g_
sOo 1+g—-g"+g" and g+ g"—¢g°
are idempotent elements. Therefore
Z.5  has more than two idempotent
elements.

The proof of the following result is
not difficult.

94

Theorem 1.2.
If @ is an S-idempotent of the
group ring Z.& where & is a cyclic group

of order =n, then (1-=ga) is an S-
idempotent of Z.&.
Theorem 1.3.

The group ring Z.5  where

G=1{g|g* = 1) is a cyclic group of order
2n, o is an odd prime, has at least two S-

idempotents.
Proof: Let
@ =gF+gtd s ghe
g“"'"-------g“": Thus

E_,._E s ,,___E::':-:_,__S:___Ei_ﬁ
. g = = .
Hence « is an idempotent element,

so (1 =] is also an idempotent element
\We will show that « is S-idempotent,
so let

E_"-.-.EE-..S?"-'"'-...”....

am i Enu--_,_ g::‘.-s

[

It is clear that g =a. We

claim that & = #. For this purpose we
describe the multiplication «£ by the
following array say -A:
Thatis A2 = [a,]., where  a,
is the summand of crﬁ Whlch is equal
to the product of the ith summand of
£ with the jth  summand of .
This means «f =Zo-Z00 a,. If we
take the first and the third rows of this
array we will see that g occurs twice for
each 7 except (i= 1, 3). By adding the
terms of this two rows it remains only
g - g* (observing that the coefficient of
each g, i=1, 2, ...misin Z.). Again by
adding the

second and the fourth rows in this array,
according to the same argument it remains
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r gi g.".—:
g.“:-i g::u-.
g" g g"
g" g g
T anre E=g
g = E - Er H
it LT ="
g g7 g
LR ALLE =i

A =g = g = g =

mez Braz zi-
gE= g = g =
gn. . Em-
Eﬂ- En-- EETI—.
g g° g
£ g g

only g *+g"* Proceeding in this
manner we will get the (z— %)th and
the (p —1)th rows, and adding their
terms it remains only g*¥~% + g*~= Thus
we get

{if_?gﬁsrrﬁ Eiﬁgnr-a_,_,,, _,_E;—_,_
E-;_-"' N a:u-:___g::'.;-t = 3.

Hence « is S-idempotent. By Theorem
1.2, (1+ «) 1is also S-idempotent. This
complete the proof.

Lemma 1.4.

InZ.G. where ¢ = (g |gF =1}, p is
a Mersenne prime (i.e. »=2"=1 for
some prime k) g“ =g ' and the
elements

g g% g g
g g g™ g
E:‘.' E:‘.'i -5 =L E
g g - 8
1-| :
EL=E El=i Thmiai ——
E H E H E’_ = S =
Er's; SER;L gi[‘.;r gir‘.:i
il=s ALLE h=_ =i
g = LE g = g =
T ERTa . =k B =
ge® g = g = g =
g =i gin- g g~
EI‘.&--I- ET.- E:ﬂ- g =5
Ei:rx—. Ein—i. g|.'|.—|:
E.;'.;-; g" g::'.;-i
g% g° g gt

of §=(g%g" g7, g7 8"} are
distinct for each odd number | less than p.
Proof:

Since 2™ —-2=2I(2"-1)=

2lp, 2**1 = 21{mod2p), which implies
that g =g% . Now suppose that
gil = gt (for some 1« ¢ = k). This
means 2% = 21 (mod2p),
hence(2* — 1)[I{ 27* — 1)yields either
( 2*—1)|ior (2¥=1}|(2™ - 1). But
(2F = 1)|i contradicts the hypothesis
that !« @, and if (2¥—1)| (2% -1},
hence k = t—= 1, contradiction with
l=t 2 k.
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Lemma 1.5.

If p= 2" -1 isa Mersenne prime,
then k| (z%—2).
Proof: Since k is prime, according to
Fermat’s Little Theorem, & | (2% = Z).

Combining the last two lemmas
we deduce that in the group ring Z=.G,

where & is a cyclic group generated by
g of order _Zp, p is a Mersenne prime
(ie.p =27"—1 for some prime k),
if

-
m = — then
a=g- +g'+--+g" "+
gF " =+ wv— g%7% can be partitioned to
sum of m elements say @, .c; ... dg
each @, (1 & 1 m) is of the form

@ =gt =g = g g

Where | isan odd number

Theorem 1.6.
Let Z,& be a group ring, where

a=gt+git=tg¥ is an  S-

idempotent (I is an odd number)
Proof: Let @ =g —g" " = =g
By Lemmald, all elements in
§={g"g"..g%  are distinct,
moreover g =g . Hence a° = a.
Now, let
F=g'-gt+gh++g¥andx,
iz 2 be the smallest positive integer
such that x, = 2p. Thus x. = 2°[ (mod2p),
this means =x.=2'!—2pr, for some r
€L", Define t; by
i 2 x; lsedd(Z=i= k)

.-

If

i
S

o

Ei. -pif—ﬁ. igeven (2= { = k.

x,; lg odd, then

<. H
“i=pry}

|..||-

= (g="
. Hence g% = g

(g% J
=g
then g%)* =g, and £° =a for
each (Z=i= k ). We will show that
af = @. For this purpose as before we
in the

if iz evemn,

LY [

Xy

-

G={(g|g¥F=1)is a cyclic group of describe the multiplication e&
order 2p, p is a Mersenne prime. Then following array say -4:
every element of the form
E_:: si.' gi.' ™" s a] s;: “ta g i
sl:;+:.' E—I:H gt;-— El:;+:"""':. E-I;-*-.."-s'.' gtr
gt g | g gt Etr.":'*' gtata™i
‘_-I'-': = E':',r":-. ,ET,","'* gtq." E':'.i"' gt,","'-;:-s' g-t,‘,";.;:-. = la;:’] e
g'-;p. =ik Et-{_s_-:.. E_r.-‘-_ ~H g"'“-" ue EIl;-f_s_-:. = El:-m-_s_-:".
i gc;_--:' Er.—‘--—-r; gr,;;—z'. Ec;;-- - E:.‘---."' E‘r.-‘---'..".'
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(i =J), equivalently
EF'-...-. - EF‘-.. - Let

wmt +2i-tf - 2 Now,
Xipe = 271 = Ipr and
x, . =27 — 2ps, for some r €I~

1 i

Thus —x,, =3l —-pr and
1 o 1 1
—x,,=2I-pslf —-x_, and =-ux._,
are even, hence Z'i—pr and 2'i— ps

are even ( this hold only if » and s are

even), it follows
t,. =2l =pr+pand ¢, =2 =ps

~p. So, w=(s—r)p=0(mod 2p).
Hence .. +2i=¢e, + 2 Lmod 2p).
This yields (2). Zx,. and S

are odd, it § clearly
w=(sg—7lpg =0 (mod 2p). Hence

G + 2L =t + 2 (Mod 2p).

This also establishes (2). If %x.ﬂ is odd

and —w.' _is even, it is also clear

that w=(s—r — 1}z =@ (mod 2p). Thus

f..=~21=t,_ =21 (mod 2p).This also
yields (2). If = z ¥,.. Iseven and l\: IS

odd, thus by usrng similar argument we

get ¢, +Zl=t_, =2 (mod2p). This
also yields (2). For all cases we
get by~ b, =0(1 = &f = k—1}.

Step 3: From Step 1 and Step 2 we get
that ef=a,—Z7=556, and it is not
difficult to show that «& =&  which
means that « is an S-idempotent.

We call an S- |dempotent of :_;G
of the form a«=g* =g = -+g°
where is an odd number a basrc S-
idempotent.

Example 1.2.

Consider the group ring Z.&
where & = (g g™ = 1} isa cyclic group
of order 62 (i.e. » =31 and k =5). By
Theorem 1.7, if [ = 1.then

where a_. is the summand of &« which

is equal to the product of the ith
summand of £ with jth summand of «
This means ef =IF I, a, We
complete the proof by the foIIowmg three
steps.

Step 1: Considering the first and the kth
column in this array we claim that

By = @i ..(1),
for each (1 = | =k— 1], equivalently
EI.:'-—f L = L
Let w= 1:. e T 2FE=(2'+ 1)L Now,
r,.. =2 (mod 2p), thus
X, = 2" —
2pr, forsome reZ”. If : I
odd, then —1 =21l —pr is odd (this
hold only if r is odd), hence
Ciap = - B
So, w =2-.-“— pr—2% =2[=-l =0
(mod 2p). Therefore (2'=1)1
=t_, — 2% mod 2p). This yields (). If
% x... Is even, then - m;- 2 —pr
is even (this hold only |f r is even),

hence t,, =2l —pr+p
So, w=(1-rlp-= Ip -ﬁ[mod 2p).
Hence (2' = 1}i .= 2%l (mod 2p).
This also yields (1)' This implies that

B

a, = a@,..=0 (mod2p),
therefore by adding the terms of the
first row and the kth column it
remains only a_. =g'® %,
Step 2:  Consider the
subarray

B=(y;)  of A=(a;} ,
where by = Q. for  each
(1= L) = x—lr, by neglecting the
first row and the kth column, we will
show that

ii'_..' = ‘;:?_:"_ (2)’
for all (1% i]%k=-=1)such that
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Mersenne prime, then
e, — @, = =g, IS S-idempotent.

Proof: Follows from Theorem 1.7.

By combining all previous results
concerning the group ring Z.G. where &
is a cyclic group of order 2Zp. » is a
Mersenne prime we get the following
result Theorem 1.9.

Consider the group ring Z.& where
G is a cyclic group of order 2Zp. @ isa
Mersenne prime. Then
1)Every non trivial idempotent
idempotent
2) The number
idempotents  is

p=1

is S-
of non ftrivial S-
2(2Z™ =11, where

F}: =

Proof: 1) Follows from Theorems 1.6,
1.7, 1.8 and Theorem 1.2.

2) From Theorems 1.6, 1.7, and 1.8, by
using the concepts of probability theory
we conclude that the numberof S-

idempotent in .G s
2=2(G)= G Q)=
2(z™ -1},

where m = E=2,
2. S-idempotents in the group ring of
a finite cyclic group over a field of
characteristic zero

In this section,we study thegroup ring
HG where X isan algebraically closed
field of characteristic 0 and & is a finite
cyclic group of order n. We get that every
nontrivial idempotent element in this
group ring G is an S-idempotent

element.
Theorem 2.1.
Let XK Dbe algebraically closed

field of characteristic 0 and & is a finite
cyclic group of order Then every
nontrivial idempotent element in G

IS an S-idempotent.

T,

98

lﬂ-.gi_g-’-_g?_gif-gii and
g = g ___g::___gsi ___gsi A gr. It is
clear that £* =& . Let us describe the
multiplication «£ by the following array
say

S & 8 & g%
A: & g &+ g* g*
o = |giT o gir oged o gl gt
= g% g s* s"
g™ g™ g™ g 2%
Hence applying Theorem 1.6, we get

¥

o=

ﬂ§=iﬁiziﬁgziﬁ£irﬁi g.
Theorem 1.7.

If @, and «. are two basic
S-
idempotents in  Z.&. where G is a

cyclic
group of order 2p, p a Mersenne prime,
then «.+ a, is S-idempotent.

Proof: Let
&y .06, be two distinet basic S-
idempotents in Z, &, so there exist £. and
g such that

B =y, e, =0, 5" =
a. anda g . =£..
Now,

(B.+8 =8+ "=a +a, and
(e, = ;) [ﬁ: +8)=a b, ~a .~
e f +ea b =8 +F +a B +ea B,
We show that e« f, = a,f, =0. By
describing the multiplications «_#&. and

]

@w. @, by the two arrays 4 and E
respectively and using similar argument
of Theorem 1.6, we get A +Z= 0
that is e 8. +ea g =0 Therefore
e, =~ @, ISan S-idempotent.
Theorem 1.8.

If e, e, .. .o, are n basic
S-idempotents in  Z.& where ¢ is a
cyclic group of order 2p, p is a
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Recall that B called
Smarandache Co-idempotent of « [1].
The following example shows
that the Smarandache co-idempotent need
not be unique in general.

Example 2.1.

Let & be a cyclic group of order 3,
and X is an algebraically closed field of
characteristic 0, and let

Fed

Proof: By [5], K& has 75 -
nontrivial

idempotent elements, let e = =5 1. g’
K'G Dbe an idempotent element.

g=I° (-r)g' €XG6.

m

g = (EiH-r)gF
=((-1) 258 )
=Iring=a

zﬂ' = E:.-;' r.g' € e, If a IS an Now, wff = E;-;—};, I':E;' ZS-:-;E —1';:§E;
idempotent element, then by [5], the _ (—1)(EFs p gh)s = T8~5 (—p)gb = @
¥a|||ues_of %, 7. and = A Therefore every nontrivial idempotent in
oflowings KG is an S-idempotent.
r, 0 |= - - - - - 1
3 3 3 3 3 3
r, 0 % _1""\3'. =l =3 i = —1-—-'.|3.'_ -] = F 0
3 & 6 3 & €
r. 0 = —1.-"""-3;. —'..--15 = —a %3l b’ T e 3’ 0
i 3 & - 3 & é
Consider the S-idempotents,

-2 _1,_1_: _ 2 1aF: B o —3E BT _ BT
. =3 3973 E, @& =3 9 —— g+ — gt B = —g
+— -g*and o, = s+ 1'—g === ~g®, respectively. We see that
- 1H"T:g=. a =By a By =Fy and afy = G,

& =, BSS=a. an o = @
For each (l=:i=3) a«  has three fﬁ“' hﬁ-‘l ‘EQJ - ;' and #
Co-idempotents we denote them by 2, oreach (1=i<3).

(1=j=3)They are g, ==
101 . * Theorem 2.2.
T30T3E, Let X b an algebraically closed
g = vEi 5 o= field of characteristic 0 and
f S o "' &= Z_» Z,. Then every nontrivial
B, =g f, =—-- —¢ idempotent element in XG is an S-
e L . idempotent.
P Proof: If m, n are relatively prime,
e E i 3 g then the proof is givenin Theorem 2.1,
Bo=—7F—0t——8" f,=——0 since I, xI &I iscyclic. If m
LI and n are not relatively prime, for each

s ¥ . (k.DEG let (kf)mg.. (0Sks

B, =T -T—g-T g, m—1,0%/=n-1), and let

=I5 r g € X6 be an
idempotentel ement [6]. Take
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Gom I =y g, & KG, then itis clear
that

g =a and af =§.
Therefore every idempotent element in
KEG isan S-idempotent.

Finally we concern the group ring
RG where R is anintegral domain and
G is a finite group of order = We

give a condition under which RG
contains S-idempotents.
Theorem 2.3.

Let ® be an integral domain, and
let

G be afinite group of order =. If some
prime divisor p of = isaunitin ® and
1) pi=p™ or
2) p=pt oo
3) p=2
Then the group ring R®G  has S-
idempotent. Proof: 1) Since p is a prime
dividing n,
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